Undesired complex hysteretic nonlinearities and complex log(t)-type creep dynamics are present to varying degrees in virtually all smart-material based sensors and actuators provided that they are driven with sufficiently high amplitudes. In motion and active vibration control applications, for example, these nonlinearities can excite unwanted dynamics which leads in the best case to reduced closed-loop system performance and in the worst case to unstable closed-loop system operation. This necessitates the development of purely phenomenological models which characterize these types of nonlinearities and dynamics in a way which is sufficiently accurate, robust, amenable to control design for compensation and efficient enough for use in real-time applications. To fulfil these demanding requirements the present paper describes a new compensator design method for combined complex hysteretic nonlinearities and complex log(t)-type creep dynamics based on the so-called PrandtlIshlinskii approach. The underlying parameter identification problem which has to be solved to obtain a suitable compensator can be represented by a quadratic optimization problem which produces the best least-square approximation for the measured input-output data of the
Introduction
According to [1] a hysteretic nonlinearity is a rate-independent mapping between an input signal and an output signal with memory. This special property leads to the well-known rateindependent branching which can be observed in the input-output-plane of the system as illustrated in Fig. 1 . Nearly all hysteretic nonlinearities in smart materials show further important characteristics in its branching behaviour which are summarized in the three Madelung rules [2] . In addition to these three Madelung rules a fourth important observation can be made for actuator and sensor characteristics of smart materials which is called the intersection property. Due to this property infinitely many branches can originate from a given point in the input-output-plane for a given direction of the input signal. A typical situation in which this property occurs is the intersection of different branches for the same direction of the input signal as indicated by the point D in Fig. 1a and Fig. 1b . The intersection effect can not be modeled by a local-memory hysteretic nonlinearity because it is characterized by a scalar hysteretic state-variable which normally corresponds to the output variable. This simple memory structure allows only one branch for a given direction of the input signal. For the modeling of hysteresis effects in smart material systems the corresponding hysteretic nonlinearity requires at least in principle an infinite dimensional memory representation and is therefore called a global-memory hysteretic nonlinearity [3] . The bestknown examples of such systems are the Preisach and Prandtl-Ishlinskii operator which belong to the class of operators with a Preisach memory [4] . In numerical approximation schemes the infinite dimensional memory is often approximated by a finite but sufficiently high dimensional memory which according to [5] is called a complex memory. The bestknown examples of these so-called complex hysteretic nonlinearities are the Krasnosel'skiiPokrovskii operator and the threshold-discrete Prandtl-Ishlinskii operator which represents the finite dimensional approximations of the Preisach and Prandtl-Ishlinskii operators,respectively [6, 7] .
Memory-free and complex hysteretic nonlinearities are present in varying degree in virtually all smart-material based sensors and actuators provided that they are driven with sufficiently high amplitudes. The most familiar examples of complex hysteretic nonlinearities in smart-material systems are piezoelectric, electrostrictive, magnetostrictive and shape memory alloy based actuators and sensors [8] . In many cases, these types of nonlinearities can be limited through the choice of proper materials and operating regimes so that linear sensor and actuator characteristics can be assumed. But in the consequence of more stringent performance requirements a large number of systems are currently operated in regimes in which hysteretic nonlinearities are unavoidable.
Unfortunately, in addition to complex hysteretic nonlinearities, actuators and sensors based on the technologically important piezoelectric ceramics contain also log(t)-type creep dynamics to a degree which is not neglectable in wideband applications like micropositioning systems as shown in In motion and active vibration control applications, for example, these nonlinearities can excite unwanted dynamics which lead in the best case to reduced closed-loop system performance and in the worst case to unstable closed-loop system operation. This necessitates the development of purely phenomenological models that characterize these types of nonlinearities and dynamic effects in a way which is sufficiently accurate, amenable to compensator design for actuator or sensor linearisation and efficient enough for use in realtime applications.
Models of hysteretic nonlinearities have evolved from two different branches of physics:
ferromagnetism and plasticity theory. The roots of both branches go back to the end of the 19th century. But only at the beginning of the 1970s was a mathematical formalism for a systematic consideration of hysteretic nonlinearities developed [5] . The core of this theory is formed by so-called hysteresis operators which describe hysteretic transducers as a mapping between function spaces. But it is only since the beginning of the 1990s that engineers employ this theory on a larger scale to develop modern strategies for the linearisation of hysteretic nonlinearities with an inverse feedforward controller, see This type of controller is based on the compensator W -1 of the nonlinearity W which is defined as the operator fulfilling
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In (1) I is the Identity operator which describes the idealized transfer characteristic
One reason for this is the increasing number of mechatronic applications in recent years which use new solid-state actuators based on magnetostrictive or piezoelectric material or shape memory alloys.
Whereas in the beginning mainly the well-known Preisach operator was used for the modeling and linearization of solid-state actuators with the inverse control approach [10, 11] , recent papers also reference the so-called Krasnosel'skii-Pokrovskii operator [6] and the socalled threshold-discrete Prandtl-Ishlinskii operator [12, 13, 14] which belong to an important subclass of the Preisach operator. In contrast to the Preisach and Krasnosel'skii-Pokrovskii hysteresis modelling approach, this subclass permits am analytical design of the compensator which is an excellent precondition for its use in real-time applications [7] . Unfortunately, the Prandtl-Ishlinskii modelling approach considers only complex hysteretic nonlinearities with an odd symmetrical major loop in the input-output-plane. In the so-called modified PrandtlIshlinskii approach this main drawback was removed through a concatenation of a PrandtlIshlinskii operator and an asymmetrical memory-free nonlinearity which models the deviation of the real hysteretic nonlinearity from the class of Prandtl-Ishlinskii operators [15] . Other well-known hysteresis compensation techniques use compensators based on models for local hysteretic nonlinearities [16, 17, 27] . But as mentioned before, these models are too simple in their memory structure to model the complex hysteretic nonlinearities in smart material systems in a sufficiently precise way.
Models for dynamic creep effects have mainly evolved from the viscoelasticity and viscoplasticity theory of solid mechanics [18] and from the phenomenological models based on simple mechanical elements describing the experimentally observed rheological behaviour of solids and fluids [19] . Although precise phenomenological models for creep with a log(t)-type dynamic have been known for a long time, a new method which incorporates phenomenological hysteresis and creep models into a common compensation strategy was just recently presented [20, 21] . Unfortunately, the underlying visco-elastic type creep model in [20, 21] has a linear memory-free equilibrium characteristic. But in reality the equilibrium characteristic of the log(t)-type creep processes in piezoceramics are complex hysteretic in nature as shown in [22] and are therefore called complex log(t)-type creep processes.
Therefore, according to the classification of material responses in [23] a consistent modeling of complex log(t)-type creep processes requires visco-plastic type creep models with a complex equilibrium hysteresis.
Due to this motivation the main contribution of the present paper is the extension of the modified Prandtl-Ishlinskii compensator design approach for complex hysteretic nonlinearities to handle systems with additionally occuring complex log(t)-type creep dynamics.
The paper is organized as follows: The second section summarises shortly the basics of the modified Prandtl-Ishlinskii modelling and compensation approach for complex hysteretic nonlinearities. In the third section this approach will be extended to model and compensate simultaneously complex hysteretic nonlinearities and complex log(t)-type creep dynamics.
Finally, in the fourth section the compensator design method is used to generate an inverse feedforward controller for the simultaneous compensation of the complex hysteretic nonlinearities and the complex log(t)-type creep dynamics of a commercially available micropositioning stage based on a piezoelectric stack actuator.
The modified Prandtl-Ishlinskii approach
The modified Prandtl-Ishlinskii approach has been developed recently for the modeling, identification and compensation of asymmetrically complex hysteretic nonlinearities and is the starting point for the extensions presented in the next chapter. Here we only sumarise the relevant basics of this approach without any proof. For further details we refer to the original literature [24, 25, 15] .
Complex hysteresis modeling
The modified Prandtl-Ishlinskii hysteresis operator is defined as the concatenation
of a Prandtl-Ishlinskii hysteresis operator H and a Prandtl-Ishlinskii superposition operator S which models the memory-free nonlinearity as shown in Fig.4 . As mentioned in the introduction the Prandtl-Ishlinskii hysteresis operator belongs to the class of operators with a Preisach memory which has a global memory structure [3] . The concatenation of this hysteresis operator with a memory-free nonlinearity according to (3) influences only the output mapping of the overall system and thus does not change this memory property. In practical applications we work with a finite dimensional approximation of this operator which is given in vector notation by
The operator H consists of a weighted linear superposition of n+1 elementary play operators H rH , which are included in (4) in the n+1-dimensional vector H rH . The rate-independent characteristic is characterised by the threshold-dependent x-y-trajectory (Fig. 5a ). The weights . . r Sl ) with r S0 = 0.
Complex hysteresis compensation
As shown in detail in [24, 15] the corresponding compensator
with z H 0 ', r H ', w H ' ∈ ℜ n+1 and r S ', w S ' ∈ ℜ 2l+1 , which exists uniquely if the weights w H and w S fulfill the linear inequality constraints
follows from the inversion of H and S and the concatenation of S -1 and H -1 . The matrices and vectors in (6) are given by 1 0 0
. O and o in (6) are matrices and vectors of zeros with corresponding dimensions. ε > 0 is a lower bound and a design parameter which permits the change of strict inequality contraints by the inequality constraints in (6).
According to (5) a main result of the Prandtl-Ishlinskii approach for the modeling of hysteresis and memory-free nonlinearities is the invariance property of the two model classes H and S with respect to the system inversion operation provided that condition (6) holds. As a consequence the inverses H -1 and S -1 have exactly the same model structure as the models H and S. The inverse filters differ from the models only in the values of the thresholds, the weights and the initial states if they are part of the system as in the case of the hysteresis model. Between the thresholds, the weights and the initial states of the models and their corresponding inverses exist one to one correspondences which can be formulated as vectorvalued transformation mappings [25] . That part of these mappings used in the following chapters is explicitly given by the formulas 0 0
and transform a given model H to its inverse H -1 and a given inverse S -1 to the model S.
Complex log(t)-type creep extension
The term creep is used in the literature primarily in connection with the delayed deformation behavior of solid materials due to sudden mechanical loading [19] . Very similar behavior can be observed to different degrees in the relationship between the respective physical parameters in ferromagnetic and ferroelectric materials as well as in magnetostrictive and -even more pronounced -in piezoelectric actuators. And so the term creep came to stand for more than just the delayed response between mechanical input and output parameters. It is not a far step then to go beyond the bounds of physics to obtain a purely phenomenological description of creep, which in this work will be achieved using the elegant operator based approach used to describe hysteresis. The complex log(t)-type creep effect shown in Figure 1 is representative of that observed in many of the technologically important piezoelectric ceramics and as such plays an important role in the field of solid-state actuation.
Complex log(t)-type creep modeling
An operator based model of complex log(t)-type creep will be achieved drawing from the approach to modeling hysteresis with the Prandtl-Ishlinskii hysteresis operator. The elementary creep operator
is introduced as the unique solution of the nonlinear differential equation
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with the initial condition
The elementary creep operator is characterised fully by its threshold value r K ∈ ℜ + 0 and its creep eigenvalue a K ∈ ℜ + . Thus, the Prandtl-Ishlinskii creep operator for complex log(t)-type creep effects is defined by 
[ , ]
[ , ] The operator K possesses a great structural similarity to the Prandtl-Ishlinskii hysteresis operator H which is recognizable in its asymptotic behavior for dx(t)/dt → 0. According to [5] for r K = r H and y K0 = max{x(t 0 ) -r K , min{x(t 0 ) + r K , y H0 }} it follows
This means, that the elementary creep operator converges to the play operator for infinitely large creep eigenvalues or infinitely slow input signals. The immediate result for the PrandtlIshlinskii creep operator is the asymptotic behaviour
where w H = m⋅ w K . Consequently, the Prandtl-Ishlinskii creep operator describes creep processes with log(t)-type creep dynamics and an equilibrium hysteresis of the PrandtlIshlinskii type. As such the introduced Prandtl-Ishlinskii creep operator can therefore be considered a dynamic generalization of the complex hysteresis operator H.
Complex hysteresis and log(t)-type creep modeling
The complete model for describing simultaneous hysteresis, log(t)-type creep as well as saturation processes results from the modified Prandtl-Ishlinskii hysteresis operator by adding the Prandtl-Ishlinskii creep operator to the Prandtl-Ishlinskii hysteresis operator. From this 
the inequality constraints (6) are also fulfilled under stationary operating conditions.
Complex hysteresis and log(t)-type creep compensation
The inverse modified Prandtl-Ishlinskii creep and hysteresis operator Γ -1 which is necessary to compensate simultaneous occurrences of complex hysteresis, log(t)-type creep and staturation effects results from solving the implicit operator equation
A suitable approach to solve the operator equation (22), which requires no more steps than the calculation of the operator Γ, can be derived analogue to the approach used in [21] and requires the inverse Prandtl-Ishlinskii hysteresis operator and the inverse Prandtl-Ishlinskii superposition operator in explicit form. These can be calculated explicitly up front from the operator Γ with the help of the transformation equations (7) - (11).
Complex hysteresis and log(t)-type creep identification
The starting point for the synthesis of the modified Prandtl-Ishlinskii hysteresis operator Γ and its compensator Γ -1 based on a given measured input signal x(t) and its corresponding output signal y(t) is the generalised error model 
E x y t H x t K x t S y t
In addition to the specification of the model orders n, m and l which determine the number of elementary hysteresis, creep and superposition operators in the model and the compensator, the maximum of the absolute value of the measured input signal and the maximum and minimum value of the measured output signal must be determined from the measurements.
According to (22) the creep eigenvalues a K follows from the given time resolution T s .
Moreover, during identification (27) and (28) 
The problem (29) 
To guarantee the existence of the operators H -1 and S starting from the operators H and S -1
and vice versa and thus the applicability of the transformation mappings (7) - (11) the minimisation problem (29) has to be solved with respect to the linear inequality constraints 
Therefore, the expression between the parentheses has to be zero for all times. Thus, the error model is overdeterminded with one degree of freedom and the convex solution set is a one dimensional subspace (a line) in ℜ 2n+2l+3 . Therefore, we use one additional equality constraint and g x ∞ = .
In the third step the corresponding model Γ and the corresponding compensator Γ -1 are generated by the transformation mappings (7) - (9) and (10) - (11), respectively. Fig. 7 shows the whole model and compensator design procedure based on the extended, modified PrandtlIshlinskii approach.
As a result, the inequality constraints (31) guarantee the best least-square minimization in that space of the weights which leads to invertible modified Prandtl-Ishlinskii hysteresis and creep operators. Therefore, the invertibility of the modified Prandtl-Ishlinskii hysteresis and creep operator is always guaranteed during the optimisation, and thus the design process for the model or the compensator is in this sense insensitive to unknown measurement errors of input-output data, unknown model errors and unknown model orders.
Application to a piezoelectric actuator
In this section the performance of the presented compensator design method for combined complex hysteretic nonlinearities and log(t)-type creep dynamics will now be demonstrated by means of the voltage-displacement relationship of a piezoelectric stack transducer. This kind of transducer is used to actuate a micropositioning stage for example in a raster scanning microscope. For the compensation of the real complex hysteretic nonlinearity and log(t)-type creep dynamic a feedforward controller is used which is based on the inverse modified thresholddiscrete Prandtl-Ishlinskii hysteresis and creep operator Γ -1 (Fig. 3) . Here s c (t) is the desired displacement signal value. The inverse modified Prandtl-Ishlinskii hysteresis and creep operator is obtained from the modified Prandtl-Ishlinskii hysteresis and creep operator with the model order of n = 6, 2l = 6 and m = 6 using the corresponding transformation laws for the thresholds, weights and initial states. The operator is implemented on a digital signal processor with a sampling rate of up to 1 kHz and a voltage source.
The results of the simultaneous hysteresis, creep and saturation compensation is illustrated in Fig. 10 and Fig. 11 . As shown in the upper diagram of Fig. 10 
will be strongly reduced from 14.1 % without to about 1.7 % with the inverse feedforward control strategy.
Conclusions
The main contribution of this paper is to extend the modified Prandtl-Ishlinskii approach for the modeling, identification and compensation of complex hysteretic nonlinearities to a so- In future works the extended modified Prandtl-Ishlinskii approach to modeling, identification and compensation of complex hysteretic nonlinearities and log(t)-type creep dynamics will be developed further to self-learning and adaptive observer and inverse feedforward controller structures.
